Erd os and Reddy (Adv. Math. 21 (1976) 78) estimated the lower bound in question to be 2:75 −1 , but their proof was incorrect. We obtain the optimal bound e −1 . It is interesting to remark that 2:75 −1 is very close to e −1 .
Introduction
This note was stimulated by a curious estimate given by Erd os and Reddy [2, Theorem 25] . This estimate, reproduced below in the formula (2) , is correct, but the proof of this estimate is wrong. In fact, the bound (2) is deduced from two false inequalities (3:30) [2] . It is interesting to remark that the Erd os-Reddy lower bound (2:75) −1 , although unproven, is very close to our optimal bound e −1 .
Preliminaries and Erd os-Reddy lower bound
Let f be an arbitrary entire function and M (r) = max |z|=r |f(z)|. If 0 ¡ ¡ ∞, then we can deÿne the type of f and the lower type ! of f as follows:
The maximal type or maximal lower type mean that = ∞ or ! = ∞, respectively. Now, let f(z) = ∞ k=0 a k z k be an entire function with nonnegative real coe cients a k (a 0 ¿ 0). In this case we have
Let R n; n be a rational function R n; n = P n =Q n , where P n and Q n represent real polynomials of degrees at most n, nondecreasing in [0; ∞). Let us recall now the unproved theorem of Erd os and Reddy [2] :
be an entire function of order and maximal type or of (ÿnite) order + . If P n and Q n are; for n = 0; 1; 2; : : : ; polynomials with nonnegative real coe cients of degree at most n; then
Statement of the new result
Theorem 3.1. Let f(z) = ∞ k=0 a k z k ; a 0 ¿ 0; a k ¿0 (k¿1) be an entire function of order (0 ¡ ¡ ∞) and of maximal lower type. Let R n; n = P n =Q n ; where P n and Q n are real polynomials of degrees at most n; nondecreasing in [0; ∞). Then for any a (0 ¡ a ¡ 1) and all su ciently large n; say n¿N (a); the following inequality holds:
This leads to the following estimate:
Corollary 3.2. With the assumption of the Theorem 3:1 we have
Proof of the new result
Let us assume that (3) is not valid for some ÿxed a with 0 ¡ a ¡ 1. Then there exists an inÿnite sequence of integers, 16n 1 ¡ n 2 ¡ n 3 : : : ; such that, for k = 1; 2; 3; : : : we have 1
As assumed, f is of maximal lower type, that is
Then there exist arbitrary large values of r for which log M (r) r ¿ log M (t) t ; 0 ¡ t ¡ r:
For all those values of r we can write (7) as follows:
For su ciently large r we can also ÿnd an n k such that M (b 1= r) = q bn k = , that is, using (1):
Finally, (1), (8) and (9) lead to
The inequality (5) at the point t = b 1= r; with (9), gives
Because of the assumption that P n and Q n are polynomials nondecreasing in [0; ∞), we get along with (11) at the point r:
All above inequalities lead to a q n k = ¡ 1 − a=q
The second inequality follows from (10) and (12). The ÿrst inequality can be rewritten as follows:
This inequality holds for all su ciently large n k , say n k ¿N (a), only if bq
. Suppose b very close to 1, for instance b = 1 − 1=K, then q ¿ (1 − 1=K) −K and if K → ∞ we obtain the sharp condition q ¿ e of our theorem.
Finally the inequality (13) atly contradicts the hypothesis (5), hence the result is proved. Because e is a best bound in (3), then we obtain immediately (4). The sharpness of this result with respect to (2) is due also to lim inf instead of lim sup of (2).
